In this paper, we establish a generalized retarded integral inequality of Gronwall-like type. The results we obtained can be used as handy tools in discussing the behavior of differential equations and integral equations.
Introduction
Recently, many authors have made researches on retarded integral inequalities and obtained plenteous results . Motivated by the works of Pachpatte [1] and Olivia Lipovan [5] , the purpose of this paper is to discuss some more general integral inequalities.
t, s) −→ ∂ t a(t, s) ∈ C(R + × R + , R + ). Assume in addition that α is nondecreasing with α(t) ≤ t for t ≥ 0. If u ∈ C(R + , R + ) satisfies u(t) ≤ k(t) + α(t) 0 a(t, s)u(s)ds, t ≥ 0

Then u(t) ≤ k(t)
+
Main Results
Throughout
,and we use the notion Dom(f ) to denote the domain of a function f .
then we have
Proof. Since a(t) is positive and nondecreasing ,from (1) we have
We define a function z(t) on R + 0 by
Then z(t) is positive and nondecreasing.z(0) = 1,
g(s)ds
Integrating the above relation from 0 to t , we have
So the relation (2) is true.
Remark 1.
Setting α(t) ≡ 0 in Theorem 2.1, we obtain the well-known Gronwall-Bellman inequality [3, 4] .
Theorem 2.2. Let f (t, s), g(t, s), h(t, s) be continuous on (R
Proof. Letting t = 0 in (3), the result inequality (4) holds trivially. Fixing an arbitrary number t 0 ∈ R + 0 , we define a positive and nondecreasing function z(t) by
g(α(t), s)u(s)ds) ≤ h(t 0 , t)z(t) + f (t 0 , α(t))α (t)(z(α(t)) + α(t) 0 g(α(t), s)z(s)ds)
≤ h(t 0 , t)z(t) + f (t 0 , α(t))α (t)z(t)(1 + α(t) 0 g(α(t), s)ds) i.e. z (t) z(t) ≤ h(t 0 , t) + f (t 0 , α(t))α (t)(1 + α(t) 0
g(α(t), s)ds).
Integrating the above relation on [0, t 0 ] yields
So the result is ture.
Remark 2. Let h(t, s) ≡ 0 and g(t, s) ≡ 0 in Theorem 2.2, If
u(t) ≤ a(t) + α(t) 0 f (t, s)u(s)ds,
holds, then the result is u(t) ≤ a(t)exp
Compared with the inequality discussed in Lemma 1.2, we obtain a conciser conclusion by different method. Moreover ,if a(t) ≡ t in Remark 2, we obtain the Corollary 1.1 in paper [5] .
Remark 3. Let f, a, α be as in Theorem 2.2, h(t, s) ≡ 0 and g(t, s)
If lim t→∞ sup a(t) < ∞,
then u is bounded. Our result generalizes and improves the Corollary 1.2 in paper [5] . 
Theorem 2.3. Let a ∈ (R
+ 0 , R + ) and α i ∈ C 1 (R + 0 , R + 0 ) be nondecreasing with α i (t) ≤ t on R + 0 , f i , g i , h ∈ C(R + 0 , R + 0 ). If u ∈ C(R + 0 , R + 0 ) satisfies u(t) ≤ a(t) + t 0 h(s)u(s)ds + n i=1 α i (t) 0 f i (s) s 0 g i (τ )u(τ )dτ ds, t ∈ R + 0 , (5) then u(t) ≤ a(t)exp( t 0 h(s)ds + n i=1 α i (t) 0 f i (s) s 0 g i (τ )dτ ds), t ∈ R + 0 . (6) Theorem 2.4. Let f i (t, s), g i (t,α i (t) ≤ t. If u ∈ C(R + 0 , R + 0 ) satisfies u(t) ≤ a(t)+ t 0 h(t, s)u(s)ds+ n i=1 α i (t) 0 f i (t, s)(u(s)+ s 0 g i (s, τ )u(τ )dτ )ds, t ∈ R + 0 , (7) then u(t) ≤ a(t)exp( t 0 h(t, s)ds + n i=1 α i (t) 0 f i (t, s)(1 + s 0 g i (s, τ )dτ )ds), t ∈ R + 0 .
